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Abstract
The heated flat plate under uniform flow has been vastly studied, with the Blasius and Pohlhausen
solutions developed over 100 years ago. These solutions are numerical in nature. Here, an analytic
solution is found for the temperature and velocity profiles at the leading edge of a heated flat plate
under forced uniform flow. By defining a similarity variable the governing equations are reduced to a
dimensionless equation with an analytic solution at the leading edge. This report gives justification for the
similarity variable via scaling analysis, details the process of converting to similarity form, and presents
a similarity solution. The analytic fluid and thermal solutions are then checked against a numerical
solution obtained via computational dynamics.
v
1 Introduction
1.1 Literature Review
In 1904 Ludwig Prandtl changed fluid dynamics by publishing the paper “Über Flüssigkeitsbewegung bei sehr
kleiner Reibung” (“On the Motion of Fluids with Very Little Friction”), in which he proposed the existence
of a fluid boundary layer, defined as a thin region near a stationary surface in a moving fluid stream where
shear stresses cannot be neglected [1, 2, 3]. This concept was studied by Prandtl and his students, eventually
resulting in Heinrich Blasius producing his classic paper in 1908 wherein he derived the fluid profile for 2D
boundary-layer flow over both a flat plate with no pressure gradient and over a circular cylinder [4]. Thirteen
years later, E. Pohlhausen used the Blasius boundary layer solution to solve for the thermal boundary layer
over the flat plate, completing the boundary layer profile for the flat plate by coupling the fluid and thermal
solutions [5].
The following years saw large strides in the studying and understanding of boundary-layer flows. Since
boundary-layer solutions provide information about drag and heat transfer at the surface of an object in a
fluid stream, the solutions to these boundary layers allow for the calculation of drag and lift forces, as well
as heat transfer from the solid surface. Thermal boundary layers are typically classified according to the
velocity field into either forced or natural flows. Forced-flow boundary layers are due to an imposed velocity
field, while natural-flow boundary layers are due to velocity gradients that arise from buoyant forces. During
the 20th century boundary layers were analyzed with great mathematic rigor, resulting in multiple additions
to the Blasius flat-plate solution as well as in the description of the boundary layers of other geometries.
In the same year that Pohlhausen developed his thermal boundary layer, von Karman developed a method
for calculating the boundary-layer thickness. This von Karmen boundary-layer momentum integral equation
has been shown to be valid for both laminar boundary layers and turbulent, time-averaged boundary layers,
and is still studied in fluid mechanics and heat transfer courses today [6]. In 1931 Falkner and Skan developed
similarity solutions for boundary layers with more general conditions than that developed by Blasius, one of
which was the flat plate without a negligible pressure gradient [7]. In the late 1940’s, Thwaites built on the
work of Holstein and Bohlen to develop an approximate solution to the von Karman equation, providing a
better description of the flat plate laminar-boundary-layer [6, 8].
These solutions were only the beginning to the research analyzing the flat plate. In 1961 Ting modified
the boundary layer equations to describe the flat plate in the presence of a shear flow, resulting in a similarity
solution to the boundary layer when the vorticity number is large [9]. Ting’s work was built upon by Devan
in 1965, wherein he developed an approximate numerical solution to Ting’s boundary layer in the presence
of shear flow, utilizing a perturbation expansion in the Reynolds number to obtain his governing equations
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[10].
Because of its simplicity the flat plate has been studied for both incompressible and compressible flow
under laminar, transitional, and turbulent conditions. It has been analyzed with the plate stationary and
with the plate impulsively-started, as well as with non-zero velocity at the surface. Mass diffusion has been
characterized, as has a boundary-layer with unsteady chemical reactions taking place. The beauty of the
plate lies in its simplicity, and it is this aspect of the problem that motivates this study of the boundary
layer located at the leading edge.
1.2 Scope
The primary objective of this work is to obtain a more complete picture of the flat plate thermal boundary-
layer by developing a solution that is valid at the leading edge. While of limited practical applications, this
approach presents a useful theoretical exercise that could lead to similar-type solutions in other boundary
layer flows, and the flat plate was a logical starting point due to its simplicity.
This work follows a similar approach to that of Blasius, in that an order-of-magnitude analysis is used to
determine the correlation between variables where the problem imposes no physical scale. Once obtained, this
scale is used to define a similarity variable and similarity functions that can be used to convert the governing
partial differential equations (PDEs) into ordinary differential equations (ODEs). Additional simplifications
are made based on the physics of the problem, and an analytic solution obtained.
In order to verify the accuracy of the analytic solution a numeric solution is obtained via a computational
fluid dynamics (CFD) simulation using ANSYS FLUENT. The analytic solution is used to predict the
thermal-boundary-layer profile of the flow, and the results are compared at Reynolds numbers from 0.001 ≤
Rex ≤ 1.0.
2
2 Theoretical Analysis
2.1 Problem Setup
Consider a heated flat plate at temperaure Tp, unbounded at one end, subjected to an imposed uniform flow
of velocity U∞ at temperature T∞. A cartesian coordinate system is defined such that the origin is placed at
the tip of the plate, with x increasing along the length of the plate and y increasing normal to the plate, as
shown in Figure 1. The flow is considered to be laminar and incompressible with constant fluid properties.
Figure 1: Heated semi-infinite flat plate under forced uniform flow.
The boundary-layer fluid flow is governed by the Navier-Stokes equations for a fluid with constant density
and viscosity, given by Equations 1 - 3,
∂u
∂x
+
∂v
∂y
= 0 (1)
ρ
(
u
∂u
∂x
+ v
∂u
∂y
)
= −∂p
∂x
+ µ
(
∂2u
∂x2
+
∂2u
∂y2
)
(2)
ρ
(
u
∂v
∂x
+ v
∂v
∂y
)
= −∂p
∂y
+ µ
(
∂2v
∂x2
+
∂2v
∂y2
)
, (3)
where ρ is the density of the fluid and µ is the dynamic viscosity. The thermal boundary-layer can be
described using the steady-state, constant-property convection energy equation,
u
∂T
∂x
+ v
∂T
∂y
= α
(
∂2T
∂x2
+
∂2T
∂y2
)
, (4)
where α is the thermal diffusivity.
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Boundary conditions can be obtained by enforcing the no-slip and constant-surface-temperature condi-
tions at the plate. These are coupled with far-field conditions that, far away from the plate, the boundary-
layer velocity and temperature approaches that of the forced flow. Additionally, the velocity and temperature
of the boundary-layer at the tip of the plate is equal to that of the incoming flow. These boundary conditions
are listed in Table 1.
Table 1: Boundary conditions for the fluid and thermal boundary-layers.
1. At y = 0, u = 0
2. At y = 0, v = 0
3. At x = 0, u = U∞
4. As y →∞, u→ U∞
5. As y →∞, v → 0
6. At y = 0, T = Tp
7. As y →∞, T → T∞
2.2 Similarity Conversion
2.2.1 Conversion to stream function
Because the flow is two-dimensional and incompressible, the number of dependent variables can be reduced
from three to two through the use of the stream function, ψ, where u is defined as ∂ψ/∂y and v is defined as
−∂ψ/∂x. Substituting the definition for the stream function into Equations 1 - 4, continuity is automatically
satisfied and the momentum and energy equations are given in Equations 5 - 7.
ρ
(
∂ψ
∂y
∂2ψ
∂x∂y
− ∂ψ
∂x
∂2ψ
∂y2
)
= −∂p
∂x
+ µ
(
∂3ψ
∂x2∂y
+
∂3ψ
∂y3
)
(5)
ρ
(
−∂ψ
∂y
∂2ψ
∂x2
+
∂ψ
∂x
∂2ψ
∂x∂y
)
= −∂p
∂y
+ µ
(
−∂
3ψ
∂x3
− ∂
3ψ
∂x∂y2
)
(6)
∂ψ
∂y
∂T
∂x
− ∂ψ
∂x
∂T
∂y
= α
(
∂2T
∂x2
+
∂2T
∂y2
)
(7)
Equations 5 and 6 can be cross-differentiated and subtracted in order to eliminate the pressure term,
combining both momentum equations into a single equation while also eliminating an unknown variable.
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Differentiating (5) with respect to y, (6) with respect to x, and taking the difference of the two yields a
combined momenum equation, Equation 8.
ρ[
∂ψ
∂y
(
∂3ψ
∂x∂y2
+
∂3ψ
∂3x
)− ∂ψ
∂x
(
∂3ψ
∂x2∂y
+
∂3ψ
∂3y
)] = µ[
∂4ψ
∂x4
+ 2
∂4ψ
∂x2∂y2
+
∂4ψ
∂y4
] (8)
This is the governing equation for the fluid flow in terms of two independent variables, x and y, and one
dependent variable, ψ.
2.2.2 Scaling and Similarity Transformation
Because the flat plate is unbounded in the positive x and y directions, a similarity variable can be defined that
will allow for the reduction in the number of independent variables from two to one. In order to complete the
similarity transformation, an order-of-magnitude analysis is required to determine the relation between the
y and x scales. Each scale is defined in Table 2, and the scales are then used in conjunction with Equations
1 - 4 and the physical parameters of the problem to determine an appropriate relationship between scales.
Table 2: List of scaling parameters
x ∼ δx y ∼ δy u ∼ U∞ v ∼ δv T ∼ ∆T ψ ∼ U∞δy
The symbol ∼ should be interpreted “is of the same order of magnitude as,” and ∆T is defined as
∆T = Tp−T∞. Substituing these definitions into (1) and rearranging, the x and y scales relate to the u and
v scales according to (9).
U∞
δx
∼ δv
δy
(9)
Close to the tip of the plate, viscous forces should dominate. Therefore, the nonlinear inertial terms in
(8) should drop, and balance of the viscous terms yields
δy ∼ δx. (10)
The scales for the dependent variables ψ and T can be determined using the definition of ψ and the
physical parameters, respectively.
This scale between y and x can be used to define a similarity variable, η, where η is defined as yδy .
Dimensionless similarity functions f(η) and T̂ (η) may also be defined for T and ψ based on ∆T and δψ,
where f(η) = ψδψ and describes the fluid boundary-layer, and Tˆ (η) =
T−T∞
∆T and describes the thermal
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boundary-layer. From the scaling analysis, δy ∼ δx = x, and δψ ∼ δuδy = U∞x. Using these definitions,
the similarity tranformations are given below.
η =
y
x
(11)
f(η) =
ψ
U∞x
(12)
T̂ (η) =
T − T∞
∆T
(13)
Equations 11 - 13 can be substituted into the governing equations, 7 and 8. After appropriate differenti-
ation and substitution of the similarity variable and functions, Equations 7 and 8 become
−Rex[(η2 + 1)f ′′′f ′ + (η2 + 1)f ′′f ′ + 2ηf ′′f ] = (η2 + 1)2f (4) + 8η(η2 + 1)f ′′′ + 4(3η2 + 1)f ′′ (14)
(η2 + 1)T̂
′′
(η) + [2η +RexPrf(η)]T̂
′
(η) = 0 (15)
where Rex and Pr are the Reynolds number based on x and the Prandtl number, and are respectively
defined below.
Rex =
U∞x
ν
(16)
Pr =
ν
α
(17)
The boundary conditions can be transformed into similarity form as well, and are given in Table 3. Note
that boundary conditions 3 and 4 combine into a single similarity boundary condition, 3.
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Table 3: Similarity boundary conditions for the fluid and thermal boundary-layers.
1. At η = 0, f ′(η) = 0
2. At η = 0, f(η) = 0
3. As η →∞, f ′(η)→ 1
4. As η →∞, f(η)→ 0
5. At η = 0, T̂ = 1
6. As η →∞, T̂ → 0
2.3 Leading Order Solution
At the plate’s leading edge viscous forces should dominate. This implies that the Reynolds number is much
less than unity. Taking the limit as Rex → 0, (14) and (15) become
(η2 + 1)2f (4) + 8η(η2 + 1)f
′′′
+ 4(3η2 + 1)f
′′
= 0 (18)
(η2 + 1)T̂
′′
(η) + 2ηT̂ (η) = 0, (19)
provided that the Prandtl number is finite. Both equations can be solved analytically. The solution to
(18) was first solved by S. S. Rao, and the solution to (19) is given below in Equation 21.
f(η) = 12 tan
−1(η) [C1η − C2] + C3η + C4 (20)
T̂ (η) = C5tan
−1(η) + C6 (21)
Boundary condition 2 from Table 3 gives C4 = 0, and condition 1 gives C2 = 2C3. Since boundary
conditions 3 and 4 are imposed in the limit as η approaches infinity, determining the constants C3 and
C1 requires that tan−1(η) be expanded in an asymptotic series as η → ∞. Performing the expansion and
enforcing condition 3 gives C3 = 1 − pi4C1, and condition 4 gives C1 = 4pipi2−4 . Substituting these constants
into Equation 20 gives the leading-order fluid solution, given in Equation 22.
f(η) =
1(
pi
2
)2 − 1
[(pi
2
η − 1
)
tan−1(η)− η
]
(22)
Boundary condition 5 from Table 3 gives that C6 = 1. Since boundary condition 6 is enforced as η →∞,
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determining C5 requires that tan−1(η) be expanded in an asymptotic series as η → ∞. Performing the
expansion and taking the limit as η → ∞ gives C5 = − 2pi . Substituting these constants into (21) gives the
leading-order solution as
T̂ (η) = 1− 2
pi
tan−1(η). (23)
This solution is valid as long as the Reynolds number is low and the Prandtl number is finite.
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3 Numeric Verification
In order to verify the accuracy of the analytic solution the solution can be tested using computation fluid
dynamics (CFD) analysis or experimentation. One benefit to CFD verification over experimental verification
is the ability to easily vary physical parameters to determine how well the analytic matches the numeric
solution. Additionally, the small dimensions of the leading-edge portion of the flat plate boundary layer
would present significant experimental difficulties, since a large degree of instrumental precision would be
required to analyze the boundary layer flow at such small scales. These factors combined make numeric
verification the better option.
3.1 Problem Non-Dimensionalization
When conducting numeric simulations the domain must be discretized to match the problem of interest.
This discretization requires both an input value and a unit, but since nature is dimensionless the domain
values should be used to normalize the governing equations so that the analysis can be manipulated in
dimensionless form. In order to achieve this, consider the dimensional form of the governing equations and
plate, given in Figure 2.
ρ
(
u
∂u
∂x
+ v
∂u
∂y
)
= −∂p
∂x
+ µ
(
∂2u
∂x2
+
∂2u
∂y2
)
(2)
ρ
(
u
∂v
∂x
+ v
∂v
∂y
)
= −∂p
∂y
+ µ
(
∂2v
∂x2
+
∂2v
∂y2
)
(3)
u
∂T
∂x
+ v
∂T
∂y
= α
(
∂2T
∂x2
+
∂2T
∂y2
)
(4)
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Figure 2: Dimensional problem setup for the flat plate.
Using the physical properties of the problem, dimensionless parameters are defined in Table 4.
Table 4: Dimensionless parameters for numerical simulation
x∗ = xL y
∗ = yL u
∗ = uU∞ v
∗ = vU∞ p
∗ = pµU∞/L T
∗ = T−T∞Tp−T∞
The spatial variables x and y have been non-dimensionalized by the plate length L, and the velocity vari-
ables u and v by the free-stream velocity, U∞. The pressure term has been balanced with the viscous rather
than the inertial term since viscous forces are expected to dominate near the leading edge. Temperature
is made non-dimensional by taking the ratio of the difference between the boundary-layer and free-stream
temperature to the difference between the plate temperature and the free-stream temperature.
Substituting these definitions into Equations 2 - 4 and simplifying gives the dimensionless form of the
governing equations in addition to non-dimensionalizing the domain. The non-dimensionalized problem is
given below by Equations 24 - 26 and by Figure 3,
ReL
(
u∗
∂u∗
∂x∗
+ v∗
∂u∗
∂y∗
)
= −∂p
∗
∂x∗
+
∂2u∗
∂x∗2
+
∂2u∗
∂y∗2
(24)
ReL
(
u∗
∂v∗
∂x∗
+ v∗
∂v∗
∂y∗
)
= −∂p
∗
∂y∗
+
∂2v∗
∂x∗2
+
∂2v∗
∂y∗2
(25)
u∗
∂T ∗
∂x∗
+ v∗
∂T ∗
∂y∗
=
1
ReLPr
(
∂2T ∗
∂x∗2
+
∂2T ∗
∂y∗2
)
(26)
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Figure 3: Non-dimensional problem setup for the flat plate.
where ReL is the Reynolds number based on plate length, defined below.
ReL =
ρU∞L
µ
(27)
The non-dimensionalized plate gives the boundary conditions at the inlet and wall as well as the length
of the domain. The velocity of the incoming stream, the length of the plate, and the temperature of the
plate are set to unity. The temperature of the fluid stream is set to zero.
An examination of the dimensionless equations reveals that the fluid problem is dependent only upon
the Reynolds number, and the thermal problem on a combination of the Reynolds and Prandtl numbers.
A comparison between the dimensional and dimensionless forms of the governing equations shows that the
Reynolds number corresponds to the density of the fluid, while the dynamic viscosity, free-stream velocity,
and the plate length are all equal to unity. Therefore, the fluid problem can be fully manipulated by varying
only the density of the fluid. The energy equation reveals that the product of the Reynolds and Prandtl
numbers will scale inversely with the thermal diffusivity of the fluid. If the density, and therefore the
Reynolds number, is considered fixed by the fluid problem, then the heat transfer problem may be fully
manipulated by the Prandtl number. Since Pr = να =
µcp
k , taking the heat capacity cp to be equal to unity
allows the heat transfer problem to be fully manipulated by varying only the thermal conductivity, k, of the
fluid. Although the heat-transfer problem has some dependence on the Prandtl number, this simulation was
run with a Prandtl number of 1.
Because full control over the numerical problem is afforded by varying only two parameters, this allows for
easy input into the CFD program since, save for the density and thermal conductivity, all inputs, constants,
and parameters will be equal to unity.
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3.2 Numeric Setup
3.2.1 Mesh
An accurate CFD analysis requires a refined, high-quality mesh with ample error management. Since this
analysis is concerned with the low Reynolds number portion of the boundary layer near the leading edge, a
refined mesh was used toward the front of the plate, and a less refined mesh used toward the end of the plate.
Since only the boundary-layer was of interest the mesh was more-refined close to the plate and less-refined
far from the plate, as shown in Figure 4. This is referred to as a biased mesh, where the bias factor is defined
as the ratio of the length of the first cell to the length of the last cell.
The boundary layer was resolved with a high number of grid points in order to increase the precision of
the simulation in that region. Beginning at fifty grid points within the boundary layer defined by the 99.9%
rule, the number of points were doubled with each iteration until the resolution in the boundary layer region
reached 400 grid points. At this resolution the boundary layer was well-resolved, evidenced by the number
of points in the temperature and velocity plots in Figures 5 through 7.
Figure 4: Flat plate domain showing refined mesh and boundary conditions
3.2.2 Boundary Conditions
One possible error source in the flat plate problem is that only the inlet and the surface of the plate have
boundary conditions specified by the problem. Since the far-field and outlet don’t have an imposed boundary
condition, care must be made to ensure that the conditions used in these locations do not adversely affect
12
the numeric solution. This analysis used a symmetry condition at the far-field, and a constant-pressure
condition at the outlet.
The symmetry condition forces the normal derivative to be zero at the surface at which the condition is
applied. This translates to the conditions
d~u
dy
= 0
and
dT
dy
= 0,
both imposed at the top of the domain. If the height of the domain is not large enough then error from
this boundary condition will propagate to the boundary layer and change the velocity and temperature field.
This can be mitigated by increasing the domain height or by making the boundary layer thinner. Thinning
the boundary layer would decrease the resolution of the solution near the leading edge, so the former method
was used to reduce the error from the symmetry condition.
Another possible error source is the error associated with the constant-pressure condition at the outlet.
This condition uses the static pressure specified at the outlet (in gage pressure) to extrapolate the other
boundary conditions. The error associated with this condition is large when the flow is highly-viscous, and
can be mitigated by increasing ReL, the Reynolds number at the outlet. This introduces a trade-off between
numerical error and solution precision, since increasing ReL reduces the error from the constant-pressure
condition at the cost of lower resolution at the tip.
The temperature conditions at the inlet and the plate are T ∗ = 0 and T ∗ = 1, respectively. Using these
temperatures is not practical in FLUENT because the program has difficulty processing a temperature range
of zero to one degrees Kelvin. Therefore, the plate temperature chosen was a more-reasonable 320 Kelvin,
and the free-stream temperature 300 Kelvin.
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3.3 Analytic and Numeric Comparison
Once the error mitigation from the boundary conditions and the mesh refinement is complete, the results of
the simulation can be used to determine how well the analytic solution matches the numerical simulation.
The following figures compare the results of the numeric solution with those of the analytic solutions to both
the thermal and fluid boundary layers.
Figure 5 shows that the temperature profile given by the analytic solution to Equation 23 shows good
agreement with the numeric solution obtained from CFD simulations. The analytic solution predicts the
boundary layer profile better than the classic Pohlhausen solution, which has been included for comparative
purposes. It is important to note that because the similarity variable, η, is defined differently for the leading-
edge and classic solutions, a specified η in the leading-edge solution would not be consistent with the same η
in the classical solution, hereafter defined as ηB = y
√
U∞
νx . Additionally, the Blasius boundary layer profile
was plotted for comparison with the x-velocity in Figure 6, but was omitted from Figure 7 due to the low
Reynolds number. The y-velocity profile derived in the Blasius solution varies inversely with Rex, since
v = U∞
2
√
Rex
(
−f + η dfdη
)
, so the low Reynolds number causes the Blasius y-velocity profile to be of a larger
order of magnitude than the analytic and or numeric profiles, making it impractical to plot all three profiles
on the same axes. This plot is included in Figure 12, located in Appendix A.
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Figure 5: Analytic and numeric temperature profiles at the leading edge of the flat plate, Rex = 10−3.
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Figures 6 and 7 compare the velocity profiles, reinforcing the agreement between the solutions when the
Reynolds number is of order much less than one.
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Figure 6: Analytic and numeric x-velocity profiles at the leading edge of the flat plate, Rex = 10−3.
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Figure 7: Analytic and numeric y-velocity profiles at the leading edge of the flat plate, Rex = 10−3.
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Because the similarity scale is based on the leading-edge assumption that the Reynolds number is small,
it is expected that the solution would become less accurate with increasing distance down the plate. Figure
8 plots the temperature profile versus η at increasing values of Rex, and confirms that the analytic solution
loses accuracy as the Reynolds number increases. The analytic solution provides good agreement up until
Rex ≈ 0.01, but lacks good agreement when Rex is of the order of unity or higher.
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Figure 8: Analytic and numeric leading-order temperature profiles at the leading edge of the flat plate at
various Reynolds numbers.
To verify that the restrictions on the thermal solution are identical to those on the fluid solution, Figures
9 and 10 plot the velocity profiles versus η at different values of Rex ranging from 0.001 to unity, supporting
the premise that the leading-edge solution loses accuracy as the Reynolds number increases.
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Figure 9: Analytic and numeric x-velocity profiles at the leading edge of the flat plate at various Reynolds
numbers.
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Figure 10: Analytic and numeric y-velocity profiles at the leading edge of the flat plate at various Reynolds
numbers.
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The effect of the Reynolds number on the solution accuracy can be seen in a plot of the difference between
the analytic and CFD solutions, referred to hereafter as the absolute error, where the absolute error equals
Tanalytic − Tnumeric . Figure 11 shows this error in the thermal boundary layer at different Reynolds numbers,
and has been truncated at η = 25 in order to show the extrema located between 0 < η < 5. Although perhaps
not apparent below, each error term eventually decays to zero as η →∞.
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Figure 11: Difference between the analytic and CFD thermal boundary layer profiles, 0.001 ≤ Rex ≤ 0.5.
The decrease in accuracy of the analytic solution can be explained physically by considering the effects
of convection. By taking the limit Rex → 0 the fluid effect is eliminated from Equation 15, resulting in a
temperature solution that is decoupled from the fluid solution. While this is accurate when the Reynolds
number is small, as Rex increases convection becomes increasingly important, resulting in the analytic
solution losing accuracy when convection is no longer negligible. Since this transition takes place rather
quickly, the analytic solution is not accurate for Reynolds numbers larger than 0.1.
It is interesting to note that at values below Rex ≈ 0.1 the analytic solution initially undershoots the
CFD solution. Examination of Equation 15 reveals that taking the limit Rex → 0 eliminates the convection
term by eliminating the fluid effect, f(η), from the energy equation. Taking this limit should result in the
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analytic solution overshooting the numeric solution due to the thinning tendency of convection effects, but
the local minima located at η ≈ 1 indicates that at Reynolds numbers below approximately 0.1 this is not
initially the case.
At higher Reynolds numbers the analytic solution predicts a boundary layer that is too large, confirming
that the leading edge assumption becomes less accurate as distance down the plate increases.
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4 Conclusion
The goal of this work was to develop a solution method that would allow for better representation of the
thermal boundary layer over the flat plate. Since the classical flat plate boundary layer is only valid where
the Reynolds number high, this work developed a solution valid at the leading edge. Even though the
practical applications are somewhat limited, the solution process presented herein provides a useful method
that could be used to develop similar solutions to other boundary layers.
The two-dimensional governing equations for the boundary layers of the flat plate were simplified and
converted to the stream function. An order-of-magnitude analysis was performed using scales from these
governing equations, and these scales used to convert the equations into similarity form. Once converted to
similiarity form, the equations were simplified and the limit taken as Rex → 0.
A solution valid at the leading edge was developed for the thermal boundary layer, and the fluid boundary-
layer solution was presented for the sake of completion. Once obtained, the analytic solutions were compared
with a numeric solution obtained using computational fluid dynamics. The velocity and temperature profiles
were compared first at low Reynolds numbers, then with increasing Reynolds number. These plots revealed
that the analytic solution shows good agreement with the numeric up to Reynolds numbers of 0.01.
Recommendations for Future Work:
Since the analytic solution loses accuracy as the Reynolds number increases, the similarity functions f(η)
and Tˆ (η) should be written as functions of η and Rex, such that f = f(η,Rex) and Tˆ = Tˆ (η,Rex). The
appropriate derivatives would need to be substituted into Equations 7 and 8, and the resulting equation
arranged by powers of Rex. The leading-order terms should result in Equations 18 and 19, confirming the
solutions presented herein.
A similar analysis could also be performed for the classic flat plate problem using the similarity scale
developed by Blasius. Since the Blasius solution is not seen unless Rex > 105, the similarity functions
could also contain a Reynolds number dependence similar to that suggested above, where the leading-order
solution should confirm the Blaisius and Pohlhausen solutions.
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Appendices
Appendix A: Additional Figures
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Figure 12: Y-Velocity Profile with Blasius Solution
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Appendix B: MATLAB Code
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